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Widths of weighted Sobolev classes on a domain
with a peak: some limiting cases∗
A.A. Vasil’eva
1 Introduction
In this paper, order estimates for Kolmogorov, Gelfand and linear widths of weighted
Sobolev classes W rp,g on a domain with a peak in a weighted Lebesgue space Lq,v
are obtained. In particular, it is proved that if the peak is defined by the function







= 0, g ≡ 1, v ≡ 1, then this singularity
may have effect on the orders of widths. This supplements the following result of







> 0, then the orders of
Kolmogorov widths are the same as for domains with the Lipschitz boundary.
Let d ∈ N, let Ω ⊂ Rd be a bounded domain (an open connected set), and
let g, v : Ω → (0, ∞) be measurable functions. For each measurable vector-valued















Let β = (β1, . . . , βd) ∈ Zd+ := (N ∪ {0})
d, |β| = β1 + . . . + βd. For any distribution





(here partial derivatives are taken
in the sense of distributions), and denote by mr the number of components of the
vector-valued distribution ∇rf . We set
W rp,g(Ω) =
{
f : Ω→ R
∣∣ ∃ψ : Ω→ Rmr : ‖ψ‖Lp(Ω) 6 1, ∇rf = g · ψ}(





‖f‖Lq,v(Ω)=‖f‖q,v=‖fv‖Lq(Ω), Lq,v(Ω) = {f : Ω→ R| ‖f‖q,v <∞} .
∗The research was carried out with the financial support of the Russian Foundation for Basic
Research (grants no. 13-01-00022, 12-01-00554)
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We call the set W rp,g(Ω) a weighted Sobolev class. Notice that W
r
p (Ω) = W
r
p,1(Ω) is
the non-weighted Sobolev class.
For properties of weighted Sobolev spaces and their generalizations, see the books
[19,22,40,70,71,73] and the survey paper [39]. Mazya [52] obtained the necessary and
sufficient condition for the embedding of W 1p (Ω) in Lq(Ω) in terms of isoperimetric
and capacity inequalities. Reshetnyak [57, 58], Besov [4] and Bojarski [14] showed
that for a John domain Ω or a domain with a flexible cone property, the condition
of continuous embedding of W rp (Ω) in Lq(Ω) is the same as for a domain with the
Lipschitz boundary; in [5] this result was generalized for domains with decaying
flexible cone condition. The problem on embedding of weighted Sobolev classes on
domains with the irregular boundary that has zero angles was also intensively studied
(see, e.g., [4, 6–10,17, 24, 33, 38, 42, 43, 53]).
Denote by AC[t0, t1] the space of absolutely continuous functions on an interval
[t0, t1].
Let d > 2. Denote by Ba(x) the closed Euclidean ball of radius a in R
d centered
at the point x. Given x = (y, z), y ∈ Rd−1, z ∈ R, we denote by Bd−1a (y) the closed
Euclidean ball of radius a in Rd−1 centered at the point y. Set Bd−1 = Bd−11 (0).
Definition 1. Let G ⊂ Rd be a bounded domain, a > 0, x∗ ∈ G. We say that
G ∈ FC(a, x∗), if for any x ∈ G there exists a curve γx : [0, T (x)] → G with the
following properties:
1. γx ∈ AC[0, T (x)], |γ˙x| = 1 a.e.,
2. γx(0) = x, γx(T (x)) = x∗,
3. Bat(γx(t)) ⊂ G for any t ∈ [0, T (x)].
We write G ∈ FC(a) if G ∈ FC(a, x∗) for some x∗ ∈ G. If G ∈ FC(a) for some
a > 0, then we say that G satisfies the John condition (and call G a John domain).
For a bounded domain, the John condition is equivalent to the flexible cone
condition (see the definition in [12]).





f1(x, y)) if, for any y ∈ Y , there exists c(y) > 0 such that f1(x, y) 6
c(y)f2(x, y) for each x ∈ X; f1(x, y) ≍
y
f2(x, y) if f1(x, y) .
y
f2(x, y) and f2(x, y) .
y
f1(x, y).
For G ⊂ Rd, x∗ ∈ G we denote
Rx∗(G) = sup
x∈G
‖x− x∗‖ld2 , Rx∗(G) = infx∈∂G
‖x− x∗‖ld2





For z ∈ R we set ηz = (0, . . . , 0, z) ∈ Rd.






Definition 2. Let a > 0, τ∗ > 0. We write Ω ∈ FCϕ,τ∗(a) if Ω = ∪z∈(0, τ∗]Ωz, where







cϕ(z) 6 Rηz(Ωz) 6 cϕ(z), z ∈ (0, τ∗] (3)
for some 0 < c < c <∞.
In [53] a criterion for the continuous embedding of W rp (Dϕ,G) in Lq(Dϕ,G) was
obtained, where
Dϕ,G = {x = (y, z) ∈ R
d : z ∈ (0, 1), y/ϕ(z) ∈ G}
and G ⊂ Rd−1 is a bounded domain satisfying the cone condition. Notice that
Dϕ,G ∈ FCϕ,τ∗(a) for some a > 0, τ∗ > 0. This result will be generalized for
weighted Sobolev spaces (with weights depending only on z) and domains from the
class FCϕ,τ∗(a).
Without loss of generality we may assume that τ∗ =
1
2
. Throughout this paper
we denote FCϕ(a) = FCϕ,1/2(a).
Let g0 : (0, ∞) → (0, ∞), v0 : (0, ∞) → (0, ∞) be measurable functions, g,
v : Ω→ (0, ∞), g(y, z) = g0(z), v(y, z) = v0(z). In addition, we suppose that there






6 C∗, z ∈ (0, 1),
t, s ∈ [max{z/2, z − ϕ(z)}, z + ϕ(z)].
(4)
Notice that max{z/2, z − ϕ(z)} = z − ϕ(z) for sufficiently small z.




> 0. We write
Z1 = (p, q, r, d, a, ϕ, κΩ, c, c, C∗).
For x = (x1, . . . , xd) ∈ Rd we set x′ = (x1, . . . , xd−1).
Denote R(z) = Rηz(Ωz), R(z) = Rηz(Ωz).
For 0 6 τ− < τ+ 6
1
2
we set Ω[τ−, τ+] = ∪z∈[τ−, τ+]Ωz (with Ω0 = ∅). Observe that
Ω[τ−, τ+] is a domain.
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τ− < τ+ −Rτ+ , 0 < λ < 1, R = λRτ+ , (5)
W rp,g(Ω[τ−, τ+], Γ
R
0 ) = {f ∈ W
r
p,g(Ω[τ−, τ+]) : f |BR(ητ+ ) = 0}. (6)
Then the set W rp,g(Ω[τ−, τ+], Γ
R
0 ) is bounded in Lq,v(Ω[τ−, τ+]) if and only if
A[τ−, τ+] := max{A0,[τ−, τ+], A1,[τ−, τ+]} <∞,
with



























Moreover, if I : spanW rp,g(Ω[τ−, τ+], Γ
R




Let (X, ‖ · ‖X) be a normed space, let X∗ be its dual, and let Ln(X), n ∈ Z+, be
the family of subspaces of X of dimension at most n. Denote by L(X, Y ) the space
of continuous linear operators from X into a normed space Y . Also, by rkA denote
the dimension of the image of an operator A ∈ L(X, Y ), and by ‖A‖X→Y , its norm.
By the Kolmogorov n-width of a set M ⊂ X in the space X, we mean the
quantity







by the linear n-width, the quantity





and by the Gelfand n-width, the quantity





sup{‖x‖ : x ∈M, x∗j (x) = 0, 1 6 j 6 n} =
= inf
A∈L(X,Rn)
sup{‖x‖ : x ∈M ∩ kerA}.
In [55] the definition of strict s-numbers of a linear continuous operator was given.
In particular, Kolmogorov numbers of an operator A : X → Y coincide with
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Kolmogorov widths dn(A(BX), Y ) (here BX is the unit ball in the space X); if the
operator is compact, then its approximation numbers coincide with linear widths
λn(A(BX), Y ) (see the paper of Heinrich [34]). If X and Y are both uniformly
convex and uniformly smooth and A : X → Y is a bounded linear map with trivial
kernel and range dense in Y , then Gelfand numbers of A are equal to dn(A(BX), Y )
(see the paper of Edmunds and Lang [21]).
In the 1960–1970s problems concerning the values of the widths of function




q were intensively studied (see
[25, 26, 35–37,41, 50, 51, 63–66,69] and also [67], [68] and [56]). Here lnq (1 6 q 6∞)
is the space Rn with the norm
‖(x1, . . . , xn)‖q ≡ ‖(x1, . . . , xn)‖lnq =
{
(|x1|q + · · ·+ |xn|q)1/q, if q <∞,
max{|x1|, . . . , |xn|}, if q =∞,
Bnp is the unit ball in l
n









q ). For p < q, Kashin [36], Gluskin [30] and
Garnaev, Gluskin [29] determined the order values of widths of finite-dimensional
balls up to quantities depending only on p and q.
Order estimates for widths of non-weighted Sobolev classes on an interval were
obtained by Tikhomirov, Ismagilov, Makovoz and Kashin [35, 36, 51, 66, 69]. For
multidimensional cube, the upper estimate of widths was first obtained by Birman
and Solomyak [13]. After publication of Kashin’s result in [36], estimates for widths
of Sobolev classes on a d-dimensional torus and their generalizations were obtained
by Temlyakov and Galeev [25, 26, 63–65]. Kashin [37] (for d = 1), Kulanin [41] and
Galeev [27,28] have obtained estimates for widths of Sobolev classes with dominating
mixed smoothness in the case of “small-order smoothness”. Here the upper estimate
was not precise for d > 1 (involving a logarithmic factor). Order estimates for widths
of W rp ([0, 1]
d) in the case of “small-order smoothness” were obtained by DeVore,
Sharpley and Riemenschneider [18]. The result of Vybiral [78] on order estimates for
widths of Besov classes on a cube is also worth mentioning.
Besov in [11] proved the result on the coincidence of orders of widths
dn(W
r








Kσ = {(x1, . . . , xd−1, xd) : |(x1, . . . , xd−1)|
1/σ < xd < 1},








> 0 and some conditions on the parameters
p, q, r, d hold (see Theorem D below). For r = 1, p = q and more general ridged
domains, estimates of approximation numbers were obtained by W.D. Evans and
D.J. Harris [24].
The problem of estimating Kolmogorov widths of weighted Sobolev classes and
other weighted functional classes and the problem of estimating approximation
numbers of the corresponding embedding operators was also extensively examined.
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The case d = 1 was considered by Lifshits and Linde, Edmunds, Lang, Lomakina
and Stepanov and other authors [20,44,45,48,49]; the authors in question have found
different sufficient conditions under which orders of approximation numbers of the
embedding operator are the same as in the non-weighted case for a finite interval.
In [74] the weights of a special form were considered; these weights had a singularity
at a point, which affected the asymptotics of Kolmogorov and linear widths.
An upper estimate of Kolmogorov widths of Sobolev classes on a cube in a
weighted Lp-space was first obtained by Birman and Solomyak [13] (for q > max{p, 2},
the orders of this bound are not sharp). In [23], El Kolli had found the orders of
the quantities dn(W
r
p,g(Ω), Lq,v(Ω)), where Ω is a bounded domain with smooth
boundary, p = q, and weight functions g and v were equal to a power of the distance
to the boundary of Ω; by using Banach space interpolation, Triebel [70] extended the
upper bounds to the widths dn(W
r
p,g(Ω), Lq,v(Ω)) for p 6 q. For intersections of some
weighted Sobolev classes on a cube with weights that are powers of the distance from
the boundary, order estimates of widths were obtained by Boykov [15, 16]. In [72]
Triebel obtained estimates of approximation numbers for weighted Sobolev classes
with weights that have a singularity at a point; this result was generalized in [76].
For general weights, the Kolmogorov’s and approximation numbers of an embedding
operator of Sobolev classes in Lp were estimated by Lizorkin, Otelbaev, Aitenova
and Kusainova [3, 47, 54].
It is worth noting recent results on estimates of approximation and entropy
numbers of embedding operators of Besov and Triebel–Lizorkin classes (see, e.g.,
[31, 32, 77]).
Suppose that for any 0 < z 6 1
2
g0(z) = z
−βg | log z|−αgρg(| log z|), v0(z) = z
−βv | log z|−αvρv(| log z|), (7)
ϕ(z) = zσ| log z|θω(| log z|), (8)






















= βg + βv, σ(d− 1) + 1− βvq > 0, (10)









For z > 1
2











= 0 and the function t−αρ(t) is decreasing
for large t > 0.
We set, respectively, ϑl(M, X) = dl(M, X) and qˆ = q, ϑl(M, X) = λl(M, X)
and qˆ = min{q, p′}, ϑl(M, X) = dl(M, X) and qˆ = p′ in estimating Kolmogorov,
linear and Gelfand widths, respectively.



























































The criterion of continuity for the operator I˜r,u,w,t1 : Lp[t0, t1] → Lq[t0, t1] is
proved by V.D. Stepanov [61]. Let us formulate this result for the case p 6 q.



























Denote by mesΩ the Lebesgue measure of a set Ω ⊂ Rd.
Reshetnyak [57,58] constructed the integral representation for smooth functions
defined on a John domain Ω in terms of their derivatives of order r. This together
with the result of Sobolev and Adams [1, 2, 59] implies the following theorem.






> 0. Then for any
function f ∈ W rp (Ω) there exists a polynomial Pf of degree not exceeding r − 1 such
that















































Φ(n, ν, q′, p′), (15)
with




































)( 1q− 1p)/(1− 2p)}, 1 < p < q 6 2,
Ψ(n, ν, p, q) =
{
Φ(n, ν, p, q), if q 6 p′,
Φ(n, ν, q′, p′), if p′ < q.













































, if p < q, qˆ > 2.
























The following lemma was proved in [77].














tε, 1 6 y <∞, 1 6 t <∞. (16)
3 The embedding theorem for weighted Sobolev classes
on a domain with a peak
Lemma 2. Let 0 < τ0 < τ1 6
1
2
and c > 0 be such that
τ1 − τ0 6 cϕ(τ0), (17)
and let L be a Lipschitz constant of the function ϕ|[τ0, τ1]. Then ∪z∈[τ0, τ1]Ωz ∈ FC(b),
with b = b(a, d, c, L, c, c) > 0.
Proof. For any t ∈ [τ0, τ1]









c, c, L, c
ϕ(τ0). (18)
Let z ∈ [τ0, τ1], x ∈ Ωz, and let γx : [0, T (x)] → Ωz be the curve from Definition 1,
γx(T (x)) = ηz. Then T (x) 6 a
−1Rz. Extend the curve γx by connecting ηz and ητ0
by a segment. It remains to apply (18) and (17).
Set Gz = {y ∈ Rd−1 : (y, z) ∈ Ω}. Then
Gz ⊃ {y ∈ R




dist (0, ∂Gz) > R(z), diamGz > 2R(z). (19)
From (1) and Definition 2 it follows that
R(z) ≍
a,d
R(z) > cϕ(z). (20)
Lemma 3. The following order equalities hold:






Proof. The lower estimates follow from (19) and (20).
Prove the upper estimates. Let
ζ ∈ (0, 1), Ωζ ∩ {(y, z) : y ∈ R
d−1} 6= ∅. (22)
It is sufficient to check that ϕ(ζ) ≍
Z1
ϕ(z) and to apply Definition 2. From (2) and
(3) it follows that R(ζ) 6 cϕ(ζ) and R(ζ) 6 κΩζ . Further, |ζ − z| 6 R(ζ). Thus,
ζ − cϕ(ζ) 6 z 6 ζ + cϕ(ζ) and (1− κΩ)ζ 6 z 6 (1 + κΩ)ζ . Hence, z = ζ + θ(ζ)ϕ(ζ),
with θ(ζ) ∈ [−c, c]. Since the function ϕ is Lipschitz, we have
ϕ(z) = ϕ(ζ + θ(ζ)ϕ(ζ)) = ϕ(ζ) +
θ(ζ)ϕ(ζ)∫
0
ϕ′(ζ + s) ds. (23)
Recall that ϕ′(t) →
t→+0
0. Therefore, for any ε > 0 there exists t∗(ε) > 0 such that





0 and ϕ′(t) →
t→+0
0, there
exists z∗(ε) > 0 such that ϕ
′(ζ + s) < ε for s ∈ [−cϕ(ζ), cϕ(ζ)], z ∈ (0, z∗(ε)]














6 ϕ(z) 6 3ϕ(ζ)
2
for any
z ∈ (0, z∗(1/2c)] and ζ from (22). For z > z∗(1/2c) we apply the relation z ≍
κΩ
ζ and
take into account that the function ϕ is non-decreasing and Lipschitz.































v0(t), 0 < z 6
1
2












is constructed for some k ∈ Z+. If z(k) =
1
2
, then the construction
is interrupted. If z(k) <
1
2










. Since the function ϕ is non-decreasing, we get z(k) > z(k−1) + ϕ(z). Hence,
z(k) > z + kϕ(z), and for k = ⌈λ∗⌉ we obtain z(k) > z + λ∗ϕ(z). It remains to take









, z − λ∗ϕ(z)
}
6 t 6 z. Since lim
s→+0
ϕ′(s) = 0, there exists
z∗ = z∗(Z1, λ∗) such that
z
2
6 z − λ∗ϕ(z) and |ϕ′(z)| 6
1
2λ∗
for any z 6 z∗. Then for
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each z 6 z∗ we get ϕ(z−λ∗ϕ(z)) >
ϕ(z)
2
. Therefore, z 6 z−λ∗ϕ(z)+2λ∗ϕ(z−λ∗ϕ(z)).























1. Consequently, there is








. Apply (24) once again and obtain the
desired estimate.
We say that sets A, B ⊂ Rd do not overlap if A ∩B is a Lebesgue nullset.
Let E, E1, . . . , Em ⊂ Rd be measurable sets. We say that {Ei}mi=1 is a covering
of E if the set E\ (∪mi=1Ei) is a Lebesgue nullset. We say that {Ei}
m
i=1 is a partition
of E if the sets Ei do not overlap pairwise and the set (∪mi=1Ei)△ E is a Lebesgue
nullset.
Let T be a covering of a set G. Put
NT,E = card{E




Lemma 5. Let 0 6 τk < τk−1 < · · · < τ0 6
1
2
, 0 < cˆ < 1,
τj−1 − τj > cˆϕ(τj−1), (25)
G(j) = Ω[τj , τj−1], 1 6 j 6 k, T = {G(j)}
k
j=1. Then cardNT .
Z1,cˆ
1.
Proof. Since the function ϕ is Lipschitz and lim
z→0






such that for any z ∈ (0, z0]
ϕ(z − 2cϕ(z)) >
ϕ(z)
2





card {i ∈ 1, k\{j} : G(i) ∩G(j) 6= ∅}, j ∈ 1, k.





> 0. Notice that if τi−1 > z0, then τi−1−τi > cˆϕ(τi−1) ≍
Z1,cˆ
1. Hence,
card{i ∈ 1, k : τi−1 > z0} .
Z1,cˆ
1.
Therefore, it is sufficient to estimate
card {i ∈ 1, k\{j} : G(i) ∩G(j) 6= ∅, τi−1 < z0}.
If G(i) ∩G(j) 6= ∅, then there exist z ∈ [τj , τj−1], t ∈ [τi, τi−1] such that
BR(z)(ηz) ∩BR(t)(ηt) 6= ∅. (27)
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Let i < j. Then from (27) it follows that z +R(z) > t−R(t). Therefore,
t− τj−1 6 t− z 6 R(z) +R(t)
(3)
6 cϕ(z) + cϕ(t) 6 2cϕ(t), (28)
i.e., t − 2cϕ(t) 6 τj−1. By the monotonicity of the function ϕ and the inequality




6 ϕ(t − 2cϕ(t)) 6 ϕ(τj−1). Applying (28) once again,
we get τi − τj−1 6 2cϕ(t) 6 4cϕ(τj−1). On the other hand, τi−1 − τi
(25)
> cˆϕ(τi−1) >
cˆϕ(τj−1). This yields the desired estimate.
Let, now, i > j. Then from (27) it follows that
t+R(t) > z − R(z). (29)
Let z > z0. Then
















card{i > j : G(i) ∩G(j) 6= ∅} .
Z1,cˆ
1.
Let z < z0. From (29) it follows that
z − R(z) 6 t+R(t)
(3)








z˜ − R(z˜) 6 τi−1 + cϕ(z˜). (32)
Indeed, if z˜ = z, then it follows from (30). If z˜ = τj , then by (30), (31) and the
inequalities t 6 τi−1 6 τj we get
z˜ −R(z˜) 6 z −R(z) 6 t+ cϕ(t) 6 τi−1 + cϕ(τj) = τi−1 + cϕ(z˜).
Estimate z˜ − τj from above. Taking into account the condition z˜ 6 z < z0, we
get
z˜ − τj 6 R(z˜)−R(τj)
(3)
6 cϕ(z˜)− cϕ(τj) =
12










z˜ − τj 6 2(c− c)ϕ(τj). (33)
From (32) we obtain that
z˜ − τi−1 6 R(z˜) + cϕ(z˜)
(3)
6 2cϕ(z˜). (34)


















6 4cϕ(τj). This yields the
desired estimate.
Proof of Theorem 1. The arguments are almost the same as in [53]. Here we give
the sketch of the proof.
In order to obtain the lower estimate, we take functions









max{A0,[τ−, τ+−R], A1,[τ−, τ+−R]}.
Applying (4), the fact that ϕ is Lipschitz, the inequalities R 6 Rτ+
(3)
6 cϕ(τ+) and












max{A0,[τ−, τ+−R], A1,[τ−, τ+−R]} &
Z1,λ
max{A0,[τ−, τ+], A1,[τ−, τ+]}.
Prove the upper estimate. By Lemma 2.2 from [53], we may assume that
ϕ ∈ Cr(0, 1), |ϕ(k)(z)| 6 cϕ(z)1−k, k ∈ 1, r, z ∈ (0, 1) (35)
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for some c > 0 not depending on z. From (19) and (20) it follows that there is
c∗ = c∗(Z1) > 0 such that dist(0, ∂Gz) > Rz > c∗ϕ(z). Applying some homothetic
transformation of y, we may assume that λc∗
2



























, x = (y, z) ∈ Ω
(see [53, page 112]).
In [53, Lemma 3.1] it is proved that if (35) holds, then the function uµ is
absolutely continuous, as well as its derivatives of order not exceeding r − 1, u(r)µ ∈
























(t− z)r−1u(r)µ (t) dt, z ∈ [τ−, τ+].



































The value Cτ−, τ+ is estimated by applying Theorem A. Since ϕ is non-decreasing, it
gives the desired estimate (see the proof in [53, page 113]).
Let us estimate ‖u − Q‖Lq,v(Ω[τ
−
, τ+]
). Set z0 = τ+, zk+1 + ϕ(zk+1) = zk, k ∈ Z+,
k∗ = min{k ∈ Z+ : zk+1 < τ−}, zˆk+1 = max{zk+1, τ−}, Ω(k) = ∪z∈[zˆk+1, zk). By
14
Lemma 2, there is b = b(Z1) > 0 such that Ω(k) ∈ FC(b), k ∈ Z+. Set g(k) = g0(zk),


























By construction, zk − zk+1 = ϕ(zk+1) ≍
Z1































(the last relation is similar to the inequality (4.7) in [53]; it follows from the monotonicity
of ϕ).
Denote by Pr−1(Rd) the space of polynomials on Rd of degree not exceeding r−1.
For each measurable subset E ⊂ Rd we put
Pr−1(E) = {f |E : f ∈ Pr−1(R
d)}.




τ− < τ+ − λ∗ϕ(τ+). (37)
Suppose that A[τ−, τ+] < ∞. Then W
r
p,g(Ω[τ−, τ+]) ⊂ Lq,v(Ω[τ−, τ+]) and there exists a
linear continuous operator
P : Lq,v(Ω[τ−, τ+])→ Pr−1(Ω[τ−, τ+])


















ϕ(τ−) (here c0 = c0(Z1)).
Prove the last inequality. Since ϕ′(t) → 0
t→+0
, there exists τˆ = τˆ(Z1) > 0 such that for
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τ+ < τˆ we get ϕ(τ−) > ϕ(τ+− c0ϕ(τ+)) >
ϕ(τ+)
2













Thus, τ+ − τ− .
Z1
ϕ(τ−). By Lemma 2, Ω[τ−, τ+] ∈ FC(b˜), b˜ ≍
Z1
1. It remains to
apply Lemma 4, Theorem B and the definition of A[τ−, τ+].
Suppose that τ− < τ+ − Rτ+ . Let P0 : spanW
r
p (BRτ+ (ητ+)) → Pr−1(BRτ+ (ητ+))
be a linear continuous projection. Then for any 0 6 k 6 r and for each qk ∈ [1, +∞)




> 0 we have




















In order to define P0, we take the orthogonal projection in L2(BRτ+ (ητ+)) onto the
space Pr−1(BRτ+ (ητ+)), extend it on L1(BRτ+ (ητ+)) by continuity, and then restrict
it to Lq,v(BRτ+ (ητ+)). The function Pf is defined as the extension of the polynomial
P0(f) on the domain Ω[τ−, τ+]. Then the image of P is contained in Pr−1(Ω[τ−, τ+]).
From the condition A[τ−, τ+] < ∞ it follows that v ∈ Lq(Ω) and the operator P :
Lq,v(Ω[τ−, τ+])→ Lq,v(Ω[τ−, τ+]) is continuous.
Let ψ0 ∈ C∞0 (R










. Then suppψ ⊂ BRτ+ (ητ+), supp (1 − ψ) ⊂





































(the last inequality follows from the monotonicity of the function ϕ; see the end
of proof of Theorem 1). The value ‖(1 − ψ)(f − Pf)‖Lq,v(Ω[τ
−
, τ+]
) is estimated by
Theorem 1 (the arguments are the same as in [75]).
Let (7), (8), (9), (10), (11), (12) hold. We claim that
A[τ−, τ+] 6 A[0, τ+] .
Z1
| log τ+|
−αρ(| log τ+|). (41)
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Indeed, the integrals in the definition of Ai,[0, τ+] (i = 0, 1) can be easily estimated
(to this end we employ Lemma 1 and replace z − t by z and t − z by t). Then we
apply the fact that the function t−αρ(t) is decreasing for large t.
This estimate will be employed for τ− <
τ+
2
. If τ− >
τ+
2





























4 Estimates of widths
In this section, we suppose that p 6 q.
Let G ⊂ Ω be a measurable set, and let T = {Gi}
i0
i=1 be a finite partition of G.
Denote
Sr,T (G) = {S : Ω→ R : S|Gi ∈ Pr−1(Gi), 1 6 i 6 i0, S|Ω\G = 0}; (43)









By Lp,q,T,v(G) we denote the space Lq,v(G) equipped with the norm ‖·‖p,q,T,v. Notice
that ‖f‖p,q,T,v > ‖f‖Lq,v(G).
The following assertion (in fact, a more general result for weighted spaces) was
proved in [75]. For the non-weighted case, Besov [11] later put forward a more simple
proof.
Lemma 6. Let a > 0, G ⊂ Rd, G ∈ FC(a), n ∈ N. Then there exists a family of




2. for any E ∈ Tm,n(G) there exists a linear continuous operator PE : Lq(E) →
Pr−1(E) such that for any function f ∈ W rp (G)















3. for any m ∈ Z+, E ∈ Tm,n(G)
card {E ′ ∈ Tm+1,n(G) : mes (E ∩ E
′) > 0} .
a,d
1,
card {E ′ ∈ Tm−1,n(G) : mes (E ∩ E
′) > 0} .
a,d
1, if m > 1.
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Let X, Y be normed spaces, B ⊂ X, A ∈ L(X, Y ). Then
dn(A(B), Y ) 6 ‖A‖dn(B, X). (46)
If A is an isomorphism of X and Y , then
λn(A(B), Y ) 6 ‖A‖λn(B, X), d
n(A(B), Y ) 6 ‖A‖dn(B, X). (47)
The same inequalities hold if Y is a subspace in X, B ⊂ Y and A is a linear
projection onto Y . These assertions follow from definitions of Kolmogorov, Gelfand
and linear widths.
Denote by χE the indicator function of a set E.
Lemma 7. Let Ω ⊂ Rd be a domain, let G1, . . . , Gm ⊂ Ω be pairwise non-
overlapping domains, and let ψ1, . . . , ψm ∈ W rp,g(Ω),
∥∥∥∇rψjg ∥∥∥
Lp(Ω)
= 1, suppψj ⊂
Gj, ‖ψj‖Lq,v(Gj) >M , 1 6 j 6 m. Then
ϑn(W
r





(see notations on page 7).
Proof. Let X = span {ψj}mj=1 ⊂ Lq,v(Ω). From the definition of Gelfand widths it
follows that
dn(W rp,g(Ω), Lq,v(Ω)) > d









p,g(Ω), Lq,v(Ω)) > λn(W
r
p,g(Ω) ∩X, X).
To this end we construct the projection Q : Lq,v(Ω) → X such that ‖Q‖ 6 1 and
apply (46), (47). Let Xj = span {ψj}. Denote by L
(j)
q,v(G) the set of functions in
Lq,v(G) whose support is contained in Gj . Since dimXj = 1, there is a projection
Qj : L
(j)
q,v(G) → Xj, ‖Qj‖ 6 1. Let Q(f) =
m∑
j=1
Qj(fχGj ). Since the set Gj do not
overlap pairwise, we get ‖Q‖ 6 1.














cjψj ∈ W rp,g(Ω) holds if and only if (c1, . . . , cn) ∈ B
m
p .
Therefore, T (W rp,g(Ω) ∩ X) = B
m







































This implies the desired estimates.
Proposition 1. Let M > 0, m0 ∈ Z+∪{+∞} and let {Tm}
m0
m=0 be a family of finite
coverings of a domain G with the following properties:
1. NTm 6M for any m ∈ 0, m0;
2. for any m ∈ 0, m0, E ∈ Tm there exists a linear continuous operator PE,m :
Lq,v(E) → Pr−1(E) such that for any function f ∈ W rp,g(G) the inequality




3. card {E ′ ∈ Tm±1 : mes(E ∩ E ′) > 0} 6M for any E ∈ Tm.
Let U ⊂ G be a measurable subset. Then there exists a sequence of partitions
{Tˆm}
m0
m=0 of the set U such that
1. card Tˆm 6 cardTm;
2. there exists a linear continuous operator Pm : Lq,v(G)→ Sr,Tˆm(U) such that for






3. card {E ′ ∈ Tˆm±1 : mes(E ∩ E ′) > 0} 6M for any E ∈ Tˆm;
4. there are injective mappings Fm : Tˆm → Tm such that for any E ∈ Tˆm the
inclusion E ⊂ Fm(E) holds.
Proof. Let Tm = {Ei,m}
km
i=1. Denote
Eˆ1,m = U ∩ E1,m, Eˆi,m = U ∩ Ei,m\ ∪
i−1
j=1 Ej,m, i > 2,
Tˆm = {Eˆi,m}i∈Im, Im = {i ∈ 1, km : mes Eˆi,m > 0},
Fm(Eˆi,m) = Ei,m, i ∈ Im. Then Tˆm satisfies assertions 1, 3 and 4. Define the operator
Pm by Pmf |Eˆi,m = PEi,m,mf |Eˆi,m, i ∈ Im. Apply the condition NTm 6 M and obtain
assertion 2.
Proof of Theorem 2. Proof of the upper estimate. It suffices to consider the case
n = 2Nd, N ∈ N. Denote
D1 = Ω[2−2, 2−1], Dj = Ω[2−j−1, 2−j ]\ ∪
j−1
i=1 Ω[2−i−1, 2−i], j > 2.
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Step 1. Let j ∈ N, j > 2, l ∈ Z+. Construct the covering R˜j,l of Ω[2−j ,2−j+1].
Without loss of generality we may assume that
ϕ(z) 6 z for any z ∈ (0, 1). (48)
Choose lj ∈ Z+ so that
2−j−lj−1 < ϕ(2−j) 6 2−j−lj . (49)
For 0 6 l 6 lj, 1 6 i 6 2
l we set τj,l(i) = 2
−j + i · 2−j−l, R˜j,l = {Ui,j,l}16i62l,
Ui,j,l = Ω[τj,l(i−1), τj,l(i)]. Then card R˜j,l = 2






this together with the definition of R˜j,l implies that
card {U ′ ∈ R˜j,l±1 : mes (U
′ ∩ U) > 0} .
Z
1.
By Corollary 1 and (42), for any i ∈ 1, 2l there exists a linear continuous operator
P j,li : Lq,v(Ui,j,l)→ Pr−1(Ui,j,l) such that for any function f ∈ W
r
p,g(Ω)





















By Proposition 1, for any l = 0, lj there exist a partitionRj,l ofDj−1, an injective




card {U ′ ∈ Rj,l±1 : mes (U
′ ∩ U) > 0} .
Z
1 (53)
and for any f ∈ W rp,g(Ω[2−j , 2−j+1])






















2. for any E ∈ Tl,j,i there exists a linear continuous operator PE : Lq(E) →
Pr−1(E) such that for any function f ∈ W rp (Ω)















3. for any l > lj , G ∈ Tl,j,i
card {G′ ∈ Tl+1,j,i : mes (G ∩G
′) > 0} .
b∗,d
1,
card {G′ ∈ Tl−1,j,i : mes (G ∩G
′) > 0} .
b∗,d
1, if l > lj + 1.








p)lj it follows that for any E ∈ Tl,j,i













Let D ∈ Rj,lj . Denote by i(D) the number i such that Ui,j,lj = Fj,l(D). For l > lj
we set
Rj,l = {D ∩ E : D ∈ Rj,lj , E ∈ Tl,j,i(D)}. (58)






card {U ′ ∈ Rj,l±1 : mes (U
′ ∩ U) > 0} .
Z
1. (60)
Indeed, let D, D′ ∈ Rj,lj , E ∈ Tl,j,i(D), E
′ ∈ Tl±1,j,i(D′), mes (D ∩ E ∩D′ ∩ E ′) > 0.
Since Rj,lj is a partition, we get D
′ = D. It remains to apply property 3 of the
partition Tl,j,i.
Let f ∈ Lq,v(Ω[2−j , 2−j+1]). Set Pj,lf |D∩E = PEf |D∩E with D, E from (58) and PE







p). Then Pj,l : Lq,v(Ω[2−j , 2−j+1])→
Sr,Rj,l(Dj−1) is a linear continuous operator and for any function f ∈ W
r
p,g(Ω[2−j , 2−j+1])




















































(here we used that Fj,lj is an injection). Thus,













Step 2. For 0 6 t 6 Nd we set Gt := Ω[2−2t+1 ,2−2t ],
Gˆ0 = G0, Gˆt = Gt\ ∪
t−1
s=0 Gs.
Then ∪∞t=0Gt = ∪
∞
t=0Gˆt = Ω. The family of domains {Ω[2−j , 2−j+1]}2t+16j62t+1 forms a




The family {Dj−1}2t+16j62t+1 forms a partition of Gˆt.
Let t∗ = t∗(N) = 0 or t∗ = t∗(N) = Nd for each N , and let ε > 0. The choice of
ε and t∗ (both dependent on Z) will be made later. Denote
m∗t = max{⌈t−Nd+ ε|t− t∗|⌉, 0},
lm,t = ⌈Nd− t− ε|t− t∗|⌉+m, m ∈ Z+, m > m
∗
t , (63)
Tˆ 1m,t,n = {U ∈ Rj,lm,t, 2
t + 1 6 j 6 2t+1}. (64)
Then Tˆ 1m,t,n is a partition of the set Gˆt. By (53) and (60), for any U ∈ Tˆ
1
m,t,n
card {U ′ ∈ Tˆ 1m±1,t,n : mes (U ∩ U
′) 6= 0} .
Z
1. (65)
From (52), (59) and (64) it follows that
card Tˆ 1m,t,n .
Z
2t · 2lm,t ≍ n · 2m−ε|t−t∗|. (66)
For f ∈ Lq,v(Ω) we set
P 1m,t,nf |Dj−1 = Pj,lm,tf |Dj−1, 2
t + 1 6 j 6 2t+1, P 1m,t,nf |Ω\Gˆt = 0.
22
Then P 1m,t,n : Lq,v(Ω)→ Sr,Tˆ 1m,t,n(Gˆt) is a linear continuous operator. For any function
f ∈ W rp,g(Ω) we have














































Thus, for any function f ∈ W rp,g(Ω)






Step 3. Given t ∈ Z+, we set Ut = Ω[0, 2−2t ]. By Corollary 1 and (41), there exists
a linear continuous operator P t : Lq,v(Ut) → Pr−1(Ut) such that for any function
f ∈ W rp,g(Ω)
‖f − P tf‖Lq,v(Ut) .
Z
2−tαρ(2t). (68)
Step 4. Consider the cases p = q and p < q, qˆ 6 2. Denote Uˆt = Ut\ ∪
t−1
s=0 Gs,
t ∈ N. We set P 1nf |Gˆt = P
1
m∗t ,t,n
f |Gˆt for 0 6 t 6 Nd, P
1
nf |UˆNd+1 = P
Nd+1f |UˆNd+1.



















In order to estimate Kolmogorov and linear widths, it is sufficient to obtain an upper
bound for ‖f−P 1nf‖Lq,v(Ω). In estimating Gelfand widths, we obtain an upper bound
of ‖f‖Lq,v(Ω) for f ∈ W
r










‖f − P 1m∗t ,t,nf‖
q
Lq,v(Gˆt)











(Nd−t−ε|t−t∗|) + n−αqρq(n) =: Sq
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d ; if α < δ
d










. Then for sufficiently
large N we have Nd+ 1 < tˆN .
For each Nd + 1 6 t < tˆN , m ∈ Z+ we construct the partition Tˆ 2m,t,n of Gˆt.





, τm,t(s) = 2
−jm,t(s), s ∈ Z+,
Jm,t = {s ∈ Z+ : jm,t(s) 6 2
t+1, jm,t(s+ 1) > 2
t}.
Then card Jm,t .
Z
2mn · 2−ε(t−Nd) for sufficiently small ε.





2mn · 2−ε(t−Nd). If τm,t(s) 6= τm,t(s+1), then τm,t(s)−
τm,t(s + 1) ≍ τm,t(s)
(48)
> ϕ(τm,t(s)). Therefore, from the definition of τm,t(s) and
from Lemma 5 it follows that for any set U ∈ T 2m,t,n
card {U ′ ∈ T 2m+l,t,n : mes (U ∩ U
′) > 0} .
Z
1, l = 0, 1, −1. (69)
By Corollary 1 and (41), for any set E ∈ T 2m,t,n there exists a linear continuous
operator PE : Lq,v(E)→ Pr−1(E) such that for any function f ∈ W
r
p,g(Ω)







By Proposition 1, there exist a partition Tˆ 2m,t,n of Gˆt and an injection Fm,t,n :
Tˆ 2m,t,n → T
2
m,t,n such that
card Tˆ 2m,t,n .
Z
2mn · 2−ε(t−Nd); in particular, card Tˆ 2mt,t,n .
Z
2t; (71)
for any U ∈ Tˆ 2m,t,n
card {U ′ ∈ Tˆ 2m±1,t,n : mes (U ∩ U
′) > 0} .
Z
1 (72)
and U ⊂ Fm,t,n(U). In addition, there exists a linear continuous operator P 2m,t,n :
Lq,v(Ω)→ Sr,Tˆ 2m,t,n(Gˆt) such that for any function f ∈ W
r
p,g(Ω)




Notice that Tˆ 2m,t,n can be defined as follows:
E ∈ Tˆ 2m,t,n ⇔ mesE > 0 and
∃s ∈ Jm,t : E = Gˆt ∩ Ω[τm,t(s+1),τm,t(s)]\ ∪s′∈Jm,t,s′<s Ω[τm,t(s′+1),τm,t(s′)];
in this case, Fm,t,n(E) = Ω[τm,t(s+1),τm,t(s)]
(74)
(see the proof of Proposition 1).
Substep 5.2. Construct the partition Tˆ 2m,t,n for m > mt. Observe that for any
s ∈ Jmt,t the inequality |jmt,t(s+1)− jmt,t(s)| 6 1 holds. Therefore, each element of
the covering T 2mt,t,n coincides with Ω[2−j ,2−j+1] for some j ∈ {2
t, . . . , 2t+1+1}. Recall
that Gˆt ⊂ Gt = Ω[2−2t+1 , 2−2t ]. This together with (74) implies that
Tˆ 2mt,t,n = {Dj−1 : 2
t + 1 6 j 6 2t+1}
and Fmt,t,n(Dj−1) = Ω[2−j ,2−j+1].
Put
Tˆ 2m,t,n = {E ∈ Rj,m−mt : 2
t + 1 6 j 6 2t+1}.
Then Tˆ 2m,t,n is a partition of Gˆt. From (52), (59) and (71) it follows that
card Tˆ 2m,t,n . 2
m−mt · 2t ≍ 2mn · 2−ε(t−Nd). (75)
By (53) and (60), for any E ∈ Tˆ 2m,t,n
card {E ′ ∈ Tˆ 2m±1,t,n : mes (E ∩ E
′) > 0} .
Z
1. (76)
For any f ∈ Lq,v(Ω) set P 2m,t,nf |Dj−1 = Pj,m−mtf |Dj−1 , 2
t+1 6 j 6 2t+1, P 2m,t,nf |Ω\Gˆt =
0. Then P 2m,t,n : Lq,v(Ω) → Sr,Tˆ 2m,t,n(Gˆt) is a linear continuous operator and for any
f ∈ W rp,g(Ω)












































Thus, for any function f ∈ W rp,g(Ω)






Substep 5.3. Let f ∈ W rp,g(Ω). Then





The further arguments are the same as in [76]; here we apply (65), (66), (67),
(71), (72), (73), (75), (76), (77) and (78).
Proof of the lower estimate. Observe that Ω contains a cube Q with the side of
length λ &
Z


























n−min{θ1, θ2} for p < q, qˆ > 2.
Let ψ ∈ C∞0 (0, 1), ψ > 0,
1∫
0
|ψ(r)|p dx = 1. Given j ∈ N, we set ψj(x′, xd) =
cjψ (2





′, xd) ∈ Ω : 2
−j < xd < 2
−j+1}.








v(2−j), 2−j < xd < 2
−j+1, it

















(the last relation follows from (7), (8), (9), (10), (11), (12)). If 2t 6 j < 2t+1, then
‖ψj‖Lq,v(Ω) ≍
Z



















































This completes the proof.
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reading the manuscript.
REFERENCES
[1] D.R. Adams, “Traces of potentials. II”, Indiana Univ. Math. J., 22 (1972/73),
907–918.
[2] D.R. Adams, “A trace inequality for generalized potentials”, Studia Math. 48
(1973), 99–105.
[3] M.S. Aitenova, L.K. Kusainova, “On the asymptotics of the distribution of
approximation numbers of embeddings of weighted Sobolev classes. I, II”, Mat.
Zh., 2:1 (2002), 3–9; 2:2 (2002), 7–14.
[4] O.V. Besov, “Integral representations of functions and embedding theorems for
a domain with a flexible horn condition” (Russian), Studies in the theory of
differentiable functions of several variables and its applications, X. Trudy Mat.
Inst. Steklov, 170 (1984), 12–30.
[5] O.V. Besov, “Embedding of Sobolev spaces in domains with a decaying flexible
cone condition” (Russian), Trudy Mat. Inst. Steklov, 173 (1986), 14–31.
[6] O.V. Besov, “On the compactness of embeddings of weighted Sobolev spaces
on a domain with an irregular boundary”, Tr. Mat. Inst. Steklova, 232 (2001),
72–93 [Proc. Steklov Inst. Math., 1 (232), 66–87 (2001)].
[7] O.V. Besov, “Sobolev’s embedding theorem for a domain with an irregular
boundary”, Mat. Sb. 192:3 (2001), 3–26 [Sb. Math. 192:3–4 (2001), 323–346].
[8] O.V. Besov, “On the compactness of embeddings of weighted Sobolev spaces on
a domain with an irregular boundary”, Dokl. Akad. Nauk 376:6 (2001), 727–732
[Doklady Math. 63:1 (2001), 95–100].
[9] O.V. Besov, “Integral estimates for differentiable functions on irregular
domains”, Mat. Sb. 201:12 (2010), 69–82 [Sb. Math. 201:12 (2010), 1777–1790].
[10] O.V. Besov, “Sobolev’s embedding theorem for anisotropically irregular
domains”, Eurasian Math. J., 2:1 (2011), 32–51.
[11] O.V. Besov, “On Kolmogorov widths of Sobolev classes on an irregular domain”,
Proc. Steklov Inst. Math., 280 (2013), 34–45.
[12] O.V. Besov, V.P. Il’in, S.M. Nikol’skii, Integral representations of functions,
and imbedding theorems. “Nauka”, Moscow, 1996. [Winston, Washington DC;
Wiley, New York, 1979].
[13] M.Sh. Birman and M.Z. Solomyak, “Piecewise polynomial approximations of
functions of classes W αp ”, Mat. Sb. 73:3 (1967), 331-–355.
[14] B. Bojarski, “Remarks on Sobolev imbedding inequalities”, (Complex Analysis,
Joensuu, 1987). Lecture Notes in Math., vol. 1351, Springer, Berlin, 1988, pp.
52–68.
27
[15] I.V. Boykov, “Approximation of Some Classes of Functions by Local Splines”,
Comput. Math. Math. Phys., 38:1 (1998), 21-29.
[16] I.V. Boykov, “Optimal approximation and Kolmogorov widths estimates
for certain singular classes related to equations of mathematical physics”,
arXiv:1303.0416v1.
[17] L. Caso, R. D’Ambrosio, “Weighted spaces and weighted norm inequalities on
irregular domains”, J. Appr. Theory, 167 (2013), 42–58.
[18] R.A. DeVore, R.C. Sharpley, S.D. Riemenschneider, “n-widths for Cαp
spaces”, Anniversary volume on approximation theory and functional analysis
(Oberwolfach, 1983), 213–222, Internat. Schriftenreihe Numer. Math., 65,
Birkha¨user, Basel, 1984.
[19] D.E. Edmunds, W.D. Evans, Hardy operators, function spaces and embeddings.
Springer, Berlin, 2004.
[20] D.E. Edmunds, J. Lang, “Approximation numbers and Kolmogorov widths of
Hardy-type operators in a non-homogeneous case”, Math. Nachr., 297:7 (2006),
727–742.
[21] D.E. Edmunds, J. Lang, “Gelfand numbers and widths”, J. Approx. Theory,
166 (2013), 78–84.
[22] D.E. Edmunds, H. Triebel, Function spaces, entropy numbers, differential
operators. Cambridge Tracts in Mathematics, 120 (1996). Cambridge
University Press.
[23] A. El Kolli, “n-ie`me e´paisseur dans les espaces de Sobolev”, J. Approx. Theory,
10 (1974), 268–294.
[24] W.D. Evans, D.J. Harris, “Fractals, trees and the Neumann Laplacian”, Math.
Ann., 296:3 (1993), 493–527.
[25] E.M. Galeev, “Approximation of certain classes of periodic functions of several
variables by Fourier sums in the L˜p metric”, Uspekhi Mat. Nauk, 32:4 (1977),
251–252 [Russ. Math. Surv.; in Russian].
[26] E.M. Galeev, “The Approximation of classes of functions with several bounded
derivatives by Fourier sums”, Math. Notes, 23:2 (1978), 109–117.
[27] E.M. Galeev, “Estimates for widths, in the sense of Kolmogorov, of classes of
periodic functions of several variables with small-order smoothness” (Russian),
Vestnik Moskov. Univ. Ser. I Mat. Mekh., 1987, no. 1, 26–30.
[28] E.M. Galeev, “Widths of function classes and finite-dimensional sets” (Russian),
Vladikavkaz. Mat. Zh. 13:2 (2011), 3-–14.
[29] A.Yu. Garnaev and E.D. Gluskin, “The widths of a Euclidean ball”, Soviet Math.
Dokl., 30:1 (1984), 200-–204.
[30] E.D. Gluskin, “Norms of random matrices and diameters of finite-dimensional
sets”, Math. USSR-Sb., 48:1 (1984), 173–182.
28
[31] D.D. Haroske, L. Skrzypczak, “Entropy and approximation numbers of function
spaces with Muckenhoupt weights, I”, Rev. Mat. Complut., 21:1 (2008), 135–
177.
[32] D.D. Haroske, L. Skrzypczak, “Entropy numbers of function spaces with
Muckenhoupt weights, III”, J. Funct. Spaces Appl. 9:2 (2011), 129–178.
[33] P. Hajlasz, P. Koskela, “Isoperimetric inequalities and imbedding theorems in
irregular domains”, J. London Math. Soc. (2), 58:2 (1998), 425–450.
[34] S. Heinrich, “On the relation between linear n-widths and approximation
numbers”, J. Approx. Theory, 58:3 (1989), 315–333.
[35] R.S. Ismagilov, “Diameters of sets in normed linear spaces, and the
approximation of functions by trigonometric polynomials”, Russ. Math. Surv.,
29:3 (1974), 169–186.
[36] B.S. Kashin, “The widths of certain finite-dimensional sets and classes of smooth
functions”, Math. USSR-Izv., 11:2 (1977), 317—333.
[37] B.S. Kashin, “Widths of Sobolev classes of small-order smoothness”, Moscow
Univ. Math. Bull., 36:5 (1981), 62–66.
[38] T. Kilpela¨inen, J. Maly´, “Sobolev inequalities on sets with irregular boundaries”,
Z. Anal. Anwendungen, 19:2 (2000), 369–380.
[39] L.D. Kudryavtsev and S.M. Nikol’skii, “Spaces of differentiable functions of
several variables and embedding theorems”, Current problems in mathematics.
Fundamental directions 26, 5—157 (1988). Akad. Nauk SSSR, Vsesoyuz. Inst.
Nauchn. i Tekhn. Inform., Moscow, 1988. [Analysis III, Spaces of differentiable
functions, Encycl. Math. Sci., vol. 26. Heidelberg, Springer, 1990, 4–140].
[40] A. Kufner,Weighted Sobolev spaces. Teubner-Texte Math., 31. Leipzig: Teubner,
1980.
[41] E.D. Kulanin, Estimates for diameters of Sobolev classes of small-order
smoothness. Cand. Sci (Phys.-Math.) Dissertation. MSU, Moscow, 1986 [in
Russian].
[42] D.A. Labutin, “Integral representation of functions and the embedding of
Sobolev spaces on domains with zero angles” (Russian), Mat. Zametki, 61:2
(1997), 201–219; translation in Math. Notes, 61 (1997), no. 1-2, 164–179.
[43] D.A. Labutin, “Embedding of Sobolev spaces on Holder domains” (Russian),
Tr. Mat. Inst. Steklova, 227 (1999), 170–179; translation in Proc. Steklov Inst.
Math., 227:4 (1999), 163–172.
[44] J. Lang, “Improved estimates for the approximation numbers of Hardy-type
operators”, J. Appr. Theory, 121:1 (2003), 61–70.
[45] M.A. Lifshits, W. Linde, “Approximation and entropy numbers of Volterra
operators with application to Brownian motion”, Mem. Amer. Math. Soc., 745
(2002).
29
[46] P.I. Lizorkin and M. Otelbaev, “Imbedding and compactness theorems for
Sobolev-type spaces with weights. I, II”,Mat. Sb., 108:3 (1979), 358–377; 112:1
(1980), 56–85 [Math. USSR-Sb. 40:1, (1981) 51–77].
[47] P.I. Lizorkin, M. Otelbaev, “Estimates of approximate numbers of the
imbedding operators for spaces of Sobolev type with weights”, Trudy Mat. Inst.
Steklova, 170 (1984), 213–232 [Proc. Steklov Inst. Math., 170 (1987), 245–266].
[48] E.N. Lomakina, V.D. Stepanov, “On asymptotic behavior of the approximation
numbers and estimates of Schatten–von Neumann norms of the Hardy-type
integral operators”. In: Function Spaces and Applications (Proceedings of Delhi
Conference, 1997), Narosa Publishing House, New Delhi, 2000, 153–187.
[49] E.N. Lomakina, V.D. Stepanov, “Asymptotic estimates for the approximation
and entropy numbers of the one-weight Riemann–Liouville operator”, Mat. Tr.,
9:1 (2006), 52–100 [Siberian Adv. Math., 17:1 (2007), 1–36].
[50] V.E. Maiorov, “Discretization of the problem of diameters”, Uspekhi Mat. Nauk,
30:6 (1975), 179–180.
[51] Yu.I. Makovoz, “A Certain Method of Obtaining Lower Estimates for Diameters
of Sets in Banach Spaces”, Math. USSR-Sb., 16:1 (1972), 139–146.
[52] V.G. Maz’ya, “Classes of domains and imbedding theorems for function spaces”,
Dokl. Akad. Nauk SSSR, 133:3, 527–530 (Russian); translated as Soviet Math.
Dokl. 1 (1960), 882–885.
[53] V.G. Maz’ya, S.V. Poborchi, “Theorems for embedding Sobolev spaces on
domains with a peak and on Ho¨lder domains” (Russian), Algebra i Analiz, 18:4
(2006), 95–126; translation in St. Petersburg Math. J., 18:4 (2007), 583–605.
[54] M.O. Otelbaev, “Estimates of the diameters in the sense of Kolmogorov for a
class of weighted spaces”, Dokl. Akad. Nauk SSSR, 235:6 (1977), 1270–1273
[Soviet Math. Dokl.].
[55] A. Pietsch, “s-numbers of operators in Banach space”, Studia Math., 51 (1974),
201–223.
[56] A. Pinkus, n-widths in approximation theory. Berlin: Springer, 1985.
[57] Yu.G. Reshetnyak, “Integral representations of differentiable functions in
domains with a nonsmooth boundary”, Sibirsk. Mat. Zh., 21:6 (1980), 108–116
(in Russian).
[58] Yu.G. Reshetnyak, “A remark on integral representations of differentiable
functions of several variables”, Sibirsk. Mat. Zh., 25:5 (1984), 198–200 (in
Russian).
[59] S.L. Sobolev, “On a theorem of functional analysis”, Mat. Sb., 4 (46):3 (1938),
471–497 [Amer. Math. Soc. Transl., (2) 34 (1963), 39–68.]
[60] S.L. Sobolev, Some applications of functional analysis in mathematical physics.
Izdat. Leningrad. Gos. Univ., Leningrad, 1950 [Amer. Math. Soc., 1963].
30
[61] V.D. Stepanov, “Two-weight estimates for Riemann – Liouville integrals”, Izv.
Akad. Nauk SSSR Ser. Mat. 54:3 (1990), 645–656; transl.: Math. USSR-Izv.,
36:3 (1991), 669–681.
[62] M.I. Stesin, “Aleksandrov diameters of finite-dimensional sets and of classes of
smooth functions”, Dokl. Akad. Nauk SSSR, 220:6 (1975), 1278–1281 [Soviet
Math. Dokl.].
[63] V.N. Temlyakov, “Approximation of periodic functions of several variables with
bounded mixed derivative”, Dokl. Akad. Nauk SSSR, 253:3 (1980), 544–548.
[64] V.N. Temlyakov, “Diameters of some classes of functions of several variables”,
Dokl. Akad. Nauk SSSR, 267:3 (1982), 314–317.
[65] V.N. Temlyakov, “Approximation of functions with bounded mixed difference
by trigonometric polynomials, and diameters of certain classes of functions”,
Math. USSR-Izv., 20:1 (1983), 173–187.
[66] V.M. Tikhomirov, “Diameters of sets in functional spaces and the theory of best
approximations”, Russian Math. Surveys, 15:3 (1960), 75–111.
[67] V.M. Tikhomirov, Some questions in approximation theory. Izdat. Moskov.
Univ., Moscow, 1976 [in Russian].
[68] V.M. Tikhomirov, “Theory of approximations”. In: Current problems in
mathematics. Fundamental directions. vol. 14. (Itogi Nauki i Tekhniki) (Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1987), pp.
103–260 [Encycl. Math. Sci. vol. 14, 1990, pp. 93–243].
[69] V.M. Tikhomirov and S.B. Babadzanov, “Diameters of a function class in an
Lp-space (p > 1)”, Izv. Akad. Nauk UzSSR, Ser. Fiz. Mat. Nauk, 11(2) (1967),
24–30 (in Russian).
[70] H. Triebel, Interpolation theory, function spaces, differential operators
(North-Holland Mathematical Library, 18, North-Holland Publishing Co.,
Amsterdam–New York, 1978; Mir, Moscow, 1980).
[71] H. Triebel, Theory of function spaces III. Birkha¨user, Basel, 2006.
[72] H. Triebel, “Entropy and approximation numbers of limiting embeddings, an
approach via Hardy inequalities and quadratic forms”, J. Approx. Theory, 164:1
(2012), 31–46.
[73] B.O. Turesson, Nonlinear potential theory and weighted Sobolev spaces. Lecture
Notes in Mathematics, 1736. Springer, 2000.
[74] A.A. Vasil’eva, “Kolmogorov widths and approximation numbers of Sobolev
classes with singular weights”, Algebra i Analiz, 24:1 (2012), 3–39 [St.
Petersburg Math. J., 24:1 (2013), 1–27].
[75] A.A. Vasil’eva, “Widths of weighted Sobolev classes on a John domain”, Proc.
Steklov Inst. Math., 280 (2013), 91–119.
[76] A.A. Vasil’eva, “Widths of weighted Sobolev classes on a John domain: strong
singularity at a point” (submitted to Rev. Mat. Compl.).
31
[77] A.A. Vasil’eva, “Kolmogorov and linear widths of the weighted Besov classes
with singularity at the origin”, J. Appr. Theory, 167 (2013), 1–41.
[78] J. Vybiral, “Widths of embeddings in function spaces”, Journal of Complexity,
24 (2008), 545–570.
32
